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Abstract
The pole mass and the width of the Roper resonance are calculated as functions of the pion mass
in the framework of low-energy effective field theory of the strong interactions. We implement a
systematic power-counting procedure by applying the complex-mass renormalization scheme.
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At low energies, chiral perturbation theory [1, 2] provides a successful description of the
Goldstone boson sector of QCD. Applying dimensional regularization in combination with
the modified minimal subtraction scheme leads to a straightforward correspondence between
the loop expansion and the chiral expansion in terms of momenta and quark masses at a
fixed ratio [2]. In the momentum expansion, at each given order a systematic and control-
lable improvement is possible. On the other hand, the issue of power counting in effective
field theories with heavy degrees of freedom turns out to be more complicated. For example,
power counting is violated in baryon chiral perturbation theory, if the dimensional regular-
ization and the minimal subtraction scheme are used [3]. The problem may be solved by
employing the heavy-baryon approach [4] or by choosing a suitable renormalization scheme
[5, 6, 7, 8]. Because the mass difference between the nucleon and the ∆(1232) is small in
comparison to the nucleon mass, the ∆ resonance can be consistently included in the frame-
work of effective field theory [9, 10, 11, 12, 13]. On the other hand, the inclusion of heavier
baryon resonances such as the Roper resonance is more complicated. We address the issue
of power counting by using the complex-mass renormalization scheme [14, 15, 16, 17], which
can be understood as an extension of the on-mass-shell renormalization scheme to unstable
particles.
We first specify those elements of the most general effective Lagrangian which are relevant
for the subsequent calculation of the pole of the Roper propagator at order O(q3):1
L = L0 + L(2)pi + LR + LNR + L∆R , (1)
where L0 is given by
L0 = N¯ (iD/ −mN0)N + R¯(iD/ −mR0)R
−Ψ¯µξ 32
[
(iD/ −m∆0) gµν − i (γµDν + γνDµ) + i γµD/ γν +m∆0 γµγν
]
ξ
3
2Ψν . (2)
Here, N and R denote nucleon and Roper isospin doublets with bare masses mN0 and mR0,
respectively. Ψν are the vector-spinor isovector-isospinor Rarita-Schwinger fields of the ∆
resonance [18] with bare mass m∆0, ξ
3
2 is the isospin-3/2 projector (see Ref. [13] for more
details). D generically denotes covariant derivatives, which for the purposes of this work may
be replaced with ordinary partial derivatives. The lowest-order Goldstone boson Lagrangian
reads
L(2)pi =
F 2
4
Tr
(
∂µU∂
µU †
)
+
F 2M2
4
Tr
(
U † + U
)
, (3)
where the pion fields are contained in the unimodular, unitary, (2× 2) matrix U . F denotes
the pion-decay constant in the chiral limit: Fpi = F [1 +O(q2)] = 92.4 MeV; M is the pion
mass at leading order in the quark-mass expansion: M2 = 2Bmˆ, where B is related to the
quark condensate 〈q¯q〉0 in the chiral limit.
The interaction terms LR, LNR, and L∆R are constructed following Ref. [19]. To leading
order [O(q)], the pion-Roper coupling is given by
L(1)R =
gR
2
R¯γµγ5uµR , (4)
1 Here, q stands for small parameters of the theory such as the pion mass.
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where gR is an unknown coupling constant and the pion fields are contained in
uµ = i
[
u†∂µu− u∂µu†
]
, (5)
where u =
√
U . In the present work we can neglect external sources except for the quark
mass term. The next-to-leading-order Roper Lagrangian relevant for our calculation reads
L(2)R = c∗1,0〈χ+〉 R¯ R , (6)
where c∗1,0 is an unknown bare coupling constant and χ+ = M
2(U + U †). The interaction
between the nucleon and the Roper is given by
L(1)NR =
gNR
2
R¯γµγ5uµN + h.c. (7)
with an unknown coupling constant gNR. Finally, the leading-order interaction between the
delta and the Roper reads
L(1)∆R = −g∆R Ψ¯µ ξ
3
2 (gµν + z˜ γµγν) uν R + h.c. , (8)
where g∆R is an unknown coupling constant and, in analogy with the nucleon case [13], we
take the ”off-mass-shell parameter” z˜ = −1.
To renormalize the loop diagrams, we apply the complex-mass renormalization of
Refs. [14, 15, 16]. For our case this means that we split the bare parameters of the La-
grangian in renormalized parameters and counterterms and choose the renormalized masses
as the poles of the dressed propagators in the chiral limit:
mR0 = zχ + δzχ ,
mN0 = m+ δm ,
m∆0 = z∆χ + δz∆χ ,
c∗1,0 = c
∗
1 + δc
∗
1 ,
· · · , (9)
where zχ is the complex pole of the Roper propagator in the chiral limit, m is the mass of
the nucleon in the chiral limit, and z∆χ is the pole of the delta propagator in the chiral limit.
The ellipses stand for other parameters of the Lagrangian. We include the renormalized
parameters zχ, m, and z∆χ in the propagators and treat the counterterms perturbatively.
We organize our perturbative calculation by applying the standard power counting of
Refs. [20, 21] to the renormalized diagrams, i.e., an interaction vertex obtained from an
O(qn) Lagrangian counts as order qn, a pion propagator as order q−2, a nucleon propagator
as order q−1, and the integration of a loop as order q4. In addition, we assign the order q−1 to
the ∆ propagator and to the Roper propagator. Within the complex-mass renormalization
scheme, such a power counting is respected by the renormalized loop diagrams in the range
of energies close to the Roper mass. We implement this scheme by subtracting the loop
diagrams at complex ”on-mass-shell” points in the chiral limit.
The dressed propagator of the Roper is of the form
iSR(p) =
i
p/ − zχ − ΣR(p/) , (10)
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FIG. 1: One-loop self-energy diagrams of the Roper. The dashed, solid, double-dashed, and double-
solid lines correspond to the pion, nucleon, Roper, and delta, respectively.
where −iΣR(p/) denotes the sum of one-particle-irreducible diagrams contributing to the
Roper two-point function. The dressed propagator SR has a complex pole which is obtained
by solving the equation
z − zχ − ΣR(z) = 0 . (11)
We define the pole mass and the width as the real part and (−2) times the imaginary part
of the pole [22], respectively,
z = mR − i ΓR
2
. (12)
The mass and the width of an unstable particle defined through the pole of the propagator
are physical quantities. Such a definition guarantees that both are field-redefinition and
gauge-parameter independent [23, 24, 25].
To order O(q3) the Roper self-energy consists of a tree-order contribution
Σtree = 4 c
∗
1M
2 , (13)
and the loop diagrams shown in Fig. 1. For the diagrams (a) and (b) of Fig. 1 we obtain
Σ(a) =
3g2NR
128pi2F 2
[
Oˆ1(m)A0
(
m2
)
+ Oˆ2(m)A0
(
M2
)
+ Oˆ3(m)B0
(
p2, m2,M2
)]
, (14)
Σ(b) =
3g2R
128pi2F 2
[
Oˆ1(zχ)A0
(
z2χ
)
+ Oˆ2(zχ)A0
(
M2
)
+ Oˆ3(zχ)B0
(
p2, z2χ,M
2
)]
, (15)
where
Oˆ1(x) = p/
(
1 +
x2
p2
)
+ 2x,
Oˆ2(x) = p/
(
1− x
2
p2
)
,
Oˆ3(x) = p/

−p2
(
1− x
2
p2
)2
+M2
(
1 +
x2
p2
)+ 2M2x.
Making use of dimensional regularization with n the number of space-time dimensions, the
loop functions are defined as
A0
(
m2
)
=
(2pi)4−n
i pi2
∫
dnk
k2 −m2 + i 0+ ,
B0
(
p2, m21, m
2
2
)
=
(2pi)4−n
i pi2
∫
dnk
[k2 −m21 + i 0+] [(p+ k)2 −m22 + i 0+]
.
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Note the similarity of Σ(b) and Σ(a) resulting from the similarity of the interaction La-
grangians LR and LNR of Eqs. (4) and (6), respectively. However, zχ is a complex quantity.
The contribution of diagram (c) is given by
Σ(c) =
g2∆R
48pi2F 2
[
Oˆ4 + Oˆ5A0
(
z2∆χ
)
+ Oˆ6A0
(
M2
)
+ Oˆ7B0
(
p2, z2∆χ,M
2
)]
, (16)
where
Oˆ4 =
1
6
[
3p/z2∆χ − 12p2z∆χ − 4p/p2 + 4p2
p2 − 3M2
z∆χ
+ p/
2(p2)2 − 3M4 − 8p2M2
z2∆χ
]
,
Oˆ5 =
1
p2
[
p/z2∆χ + 2p
2z∆χ − p/
(
2M2 + p2
)
+ 2p2
p2 −M2
z∆χ
+ p/
(M2 − p2)2
z2∆χ
]
,
Oˆ6 = − 1
p2
[
p/z2∆χ + 2p
2z∆χ − 2M2p/ − 2p2M
2 + p2
z∆χ
+ p/
M4 − 3p2M2 − (p2)2
z2∆χ
]
,
Oˆ7 = − 1
p2
[
p/z2∆χ + 2p
2z∆χ + p/
(
p2 −M2
)] [
z2∆χ − 2
(
M2 + p2
)
+
(M2 − p2)2
z2∆χ
]
.
To implement the complex-mass renormalization scheme, in analogy to Ref. [8], we expand
the self-energy loop diagrams in powers of M , p/ − zχ, and p2− z2χ, which all count as O(q).
We subtract those terms which violate the power counting, i.e., which are of order two or
lower. The subtraction terms for the loop diagrams evaluated at p/ = zχ are given by
ΣST(a) = −
3g2NR(m+ zχ)
2
128pi2F 2zχ
[
(m− zχ)2B0
(
z2χ, 0, m
2
)
− A0
(
m2
)]
+
3g2NR(m+ zχ)M
2
64pi2F 2z3χ
[
−2m3 ln
(
m
µ
)
− ipim3 + z2χm− 32pi2z3χλ
+
(
m3 − z3χ
)
ln
(
z2χ −m2
µ2
)
+ ipiz3χ
]
,
ΣST(b) =
3g2Rzχ
32pi2F 2
A0
(
z2χ
)
− 3g
2
RzχM
2
32pi2F 2
[
32pi2λ+ 2 ln
(
zχ
µ
)
− 1
]
,
ΣST(c) = −
g2∆R
288F 2pi2z2∆χzχ
[
6(z∆χ − zχ)2(z∆χ + zχ)4B0
(
z2χ, 0, z
2
∆χ
)
+z2χ(−3z4∆χ + 12zχz3∆χ + 4z2χz2∆χ − 4z3χz∆χ − 2z4χ)
−6
(
z4∆χ + 2zχz
3
∆χ − z2χz2∆χ + 2z3χz∆χ + z4χ
)
A0
(
z2∆χ
)]
+
g2∆RM
2
72pi2F 2z2∆χz
3
χ
[
−6ipiz6∆χ − 6(2z∆χ + 3zχ)z5∆χ ln
(
z∆χ
µ
)
− 9ipizχz5∆χ + 6z2χz4∆χ
+9z3χz
3
∆χ + 3z
4
χz
2
∆χ − 288pi2λz5χz∆χ + 9ipiz5χz∆χ + z6χ − 192pi2λz6χ
+
(
6z6∆χ + 9zχz
5
∆χ − 9z5χz∆χ − 6z6χ
)
ln
(
z2χ − z2∆χ
µ2
)
+ 6ipiz6χ
]
, (17)
where µ is the scale parameter of the dimensional regularization and
λ =
1
16 pi2
{
1
n− 4 −
1
2
[ln(4pi) + Γ′(1) + 1]
}
. (18)
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The above expressions of Eq. (17) are exactly canceled by counterterm contributions
generated by δzχ and δc
∗
1. Both of these quantities are complex and none of them diverges
in the limit of the nucleon mass and/or delta mass approaching the Roper mass.
The pole of the Roper propagator to third order is given by the expression
z = zχ − 4 c∗1M2 +
[
Σ(a) + Σ(b) + Σ(c)
]
p/=zχ
− ΣST(a) − ΣST(b) − ΣST(c) . (19)
The expansion of Eq. (19) satisfies the power counting, i.e. is of O(q3). In order to see this,
we discuss the individual renormalized diagrams of Fig. 1. Let us start with diagram (b)
(Roper resonance in the loop) and divide the contribution by M3. In the limit M → 0 we
find
lim
M→0
1
M3
Σren(b)
∣∣∣
p/=zχ
= − 3 g
2
R
32pi F 2
.
This is of the same type as the non-analytic contribution to the nucleon mass if one replaces
gR by gA [3, 8].
Now let us turn to the delta contribution of diagram (c). Keeping the difference zχ− z∆χ
fixed and finite, the limit M → 0 is zero,
lim
M→0
1
M3
Σren(c)
∣∣∣
p/=zχ
= 0.
If zχ − z∆χ scales as αM , the limit M → 0 is given by
lim
M→0
1
M3
Σren(c)
∣∣∣
p/=zχ
=
g2∆R
6pi2 F 2
f(α),
where
f(α) = 4ipiα3−6ipiα+α+
(
6α− 4α3
)
ln(2α)+4
(
α2 − 1
)3/2
ln
(
α+
√
α2 − 1
)
−4ipi(α2−1)3/2.
Taking the limit M → 0 after the limit z∆χ → zχ yields
lim
M→0
lim
z∆χ→zχ
1
M3
Σren(c)
∣∣∣
p/=zχ
= − g
2
∆R
3pi F 2
.
In other words, whatever the counting for the mass difference, the contribution of the renor-
malized diagram is of O(q3).
Finally, the nucleon contribution of diagram (a) results for fixed and finite zχ −mN in
lim
M→0
1
M3
Σren(a)
∣∣∣
p/=zχ
= 0.
If zχ −mN scales as βM , the limit M → 0 is given by
lim
M→0
1
M3
Σren(c)
∣∣∣
p/=zχ
=
3 g2NR
64pi2 F 2
f(β).
Taking the limit M → 0 after the limit mN → zχ yields
− 3 g
2
NR
32pi F 2
.
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FIG. 2: Contributions of the renormalized loop diagrams to the real (solid line) and imaginary
(dashed line) parts of the Roper pole as functions of the pion mass M .
The non-analytic terms of Eq. (19) in powers of the pion mass agree with the correspond-
ing expression of Ref. [19]. On the other hand, our result is a closed expression and need not
be expanded. Unlike the results of Ref. [19] which were obtained in the framework of the
infrared renormalization scheme, our expression does not diverge in the limit of the nucleon
mass and/or delta mass approaching the Roper mass.
To estimate the various contributions to the pole of the Roper propagator, we substitute
[26] F = 0.092 GeV, M = 0.140 GeV, m = 0.940 GeV, z∆χ = (1.210 − 0.100 i/2) GeV,
zχ = (1.365− 0.190 i/2) GeV, µ = 1 GeV, gR = 1, g∆R = 1, gNR = 0.45 [19] and obtain
z =
[(
1.365− i
2
0.190
)
− 0.0784 c∗1 +
(
0.0175− i
2
0.042
)]
GeV . (20)
Figure 2 shows the contributions of the renormalized loop diagrams to the real and imaginary
parts of the Roper pole as functions of the pion mass M .
To summarize, we have considered the chiral corrections to the mass and the width of the
Roper resonance in the framework of the low-energy EFT of QCD. To obtain a systematic
power counting for energies around the mass of the Roper, we applied the complex-mass
renormalization scheme which is a generalization of the on-mass-shell renormalization for
the case of unstable particles. The mass and the width of the Roper in the chiral limit are
considered as input parameters of the approach. The chiral corrections have been calculated
in a systematic way.
When calculating the loop diagrams we made use of the package FeynCalc [27]. This
work was supported by the Deutsche Forschungsgemeinschaft (SFB 443).
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